A COMPLETE SET OF POSTULATES FOR THE THEORY OF
ABSOLUTE CONTINUOUS MAGNITUDE*®
By
EDWARD V. HUNTINGTON

The following paper presents a complete set of postulates or primitive propo-
sitions from which the mathematical theory of absolute continuous magnitude
can be deduced.

The fundamental concept involved is that of a rule of combination according
to which any two objects of a given assemblage, in a definite order, determine a
third object which itself belongs to the assemblage. (The same idea is the fun-
damental concept in the definition of a group.)

The rule of combination here considered is one upon which six fundamental
restrictions are imposed, these requirements being expressed in the postulatest
1 to 6.

The object of the work which follows is to show that these six postulates form
a complete set ; that is, they are (I) consistent, (II) sufficient, (11I) independent
(or irreducible). By these three terms we mean: (I) there is at least one assem-
blage in which the chosen rule of combination satisfies all the six requirements;
(II) there is essentially only one such assemblage possible; (III) none of the
six postulates is a consequence of the other five.

This being shown (theorems I, II, ITI), the postulates 1-6 may be said to
define a single assemblage, which we shall call the system of absolute continu-
ous magnitude. The rule of combination may then be called addition.

From another point of view, the propositions 1-6 may be accepted as ex-
pressing in precise mathematical form the essential characteristics of magnitude
in the popular sense of the word; from this point of view they may properly
be called the axiomst of (absolute continuous) magnitude.

From either point of view, the propositions 1-6 form a complete logical
basis for a deductive mathematical theory.

* Presented to the Society February 22, 1902. Received for publication March 5, 1902.

t Following the usual distinction, we use ‘‘ postulate’’ to mean a proposition the acceptance of
which is demanded or agreed upon as a basis for future reasoning, reserving ‘‘axiom ’’ to mean
‘‘a gelf-evident proposition, requiring no formal demonstration to prove its truth, but received
and accepted as soon as mentioned.”’
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The most recent work on this subject is a long and ecritical paper by O.
HOLDER (see bibliographical note *) to which the present article is closely related.

* Bibliographical Note.—The following references include papers in which the properties of
magnitude are deduced from any system of postulates, whether or not the independence of the
postulates is discussed.

G. VERONESE, Il continuo reltilineo e Passioma V. d’ Archimede, Atti della R. Accad. dei
Lincei, Memoired. cl. d. scienze fis., mat. e nat., ser. 4, vol. 6 (1889), pp. 603-624.

R. BETTAZ221, Teoria delle grandezze, 4° (1890), vii 4 181 pp., Pisa. Awarded a prize by the
R. Accad. dei Lincei. Reviewed in Darboux’s Bulletin dessciences mathématiques,
ser. 2, vol. 15 (1891), pp. 53-68.

0. StoLrz, Ueber das Axiom des Archimedes, Mathematische Annalen, vol. 39 (1891),
pp. 107-112.

C. BURALI-FORTI, Sulla teoria delle grandezze, Formulaire de Mathématiques, vol. 1
(1895), pp. 28-57. Written in PEANO’s mathematical language. See also Rivista di Mate-
matica, vol. 3 (1893), pp. 76-101.

G. VERONESE, Sul postulato della continuitd, Atti della R. Accad. dei Lincei, Rendi-
conti d. cl. d. Scienze fis, mat. e nat., ser. 5, vol. 6, (1897), pp 161-168.

L. COUTURAT, Sur la définition du continu, Revue de metaphysique et de morale,
vol. 8 (1900), pp. 157-168.

D. HILBERT, Ueber den Zahlbegriff, Jahresbericht der deutschen Mathematiker-
Vereinigung, vol. 3 (1900), pp. 180-184.

E. V. HUNTINGTON, Die Grund-Operationen an absoluten und complexen Qrissen, Braunschweig
(1901), 63 pp.

O. Storz und J. A. GMEINER, Theoretische Arithmetik, Leipzi§ (1901). A second edition,
now in publication, of STOLZ's Allgemeine Arithmetik, 1885, 1886.

0. HOLDER, Die Ariome der Quantitit und die Lehre vom Mass, Leipziger Berichte, Math.-
Phys. Classe, vol. 53 (1901), pp. 1-64.

HOLDER’s main set of postulates, like the sets used in all the earlier papers, admits the idea
of ‘“greater and less”’ as a fundamental concept. In a footnote on p. 5, however, he works out,
partially, a second set of postulates which does not involve this idea. The set of postulates
adopted in the present paper is nearly the same as this second set of HOLDER’s, with the excep-
tion that DEDEKIND’s postulate of continuity is here replaced by WEIERSTRASS's, and that two
of HOLDER's postulates, viz., [5] and the second part of [2], are here found to be deducible
from the others. I am indebted to HOLDER’s paper for many valuable suggestions, especially
for the proof of the commutative law (see 22, Case 1I, p. 271), which in all the earlier papers is
admitted as a fundamental law.

The three following works, which I have not seen, may also contain matter bearing on this
subject :

C. BURALI-FORTI, Les propriétés formelles des opérations algébriques, Turin (1900). See also
Rivista di Matematica, vol. 6 (1899) pp. 141-177.

R. BETTAZZI, Grandezza, quantitd e¢ numero, 11 Bolletino di Matematiche e di
Scienze fisiche e naturali, Bologna, vol. 1 (1900), pp. 7-10, 70-73.

F. AMODEO, Arithmetica particolure e generale, Naples (1900).

A complete set of postulates for the theory of positive integers with zero, in which the funda-
mental concept is that of an element successive fo a given element, is given by

G. PEaNoO, Sul concetlo di numero, Rivista di Matematica, vol. 1 (1891), pp. 87-102,
256-267. See also Formulaire de Mathématiques, vol. 3 (1901), pp. 39-44. Essen-
tially these postulates are reproduced in the footnote on p. 266.

A complete set of postulates for the theory of all whole numders (positive, negative and zero)
is given in two papers by

A. PADOA : 1) Essai d’une théorie algébrigue des nombres entiers, presented to the Interna-
tional Congress of Philosophy, Paris, 1900, and reviewed in Rivista di Matematica, vol. 7
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Fundamental concepts.

A class of objects is determined when any condition is given such that every
object in the universe must either satisfy or not satisfy the condition. Every
object which satisfies the condition is said to belong to the class.

(The condition might be such that no object would belong to the class; this
case, however, we shall agree to exclude from the discussion—that is, we shall
consider those classes only which contain at least one object.)

A class thus defined is usually called, in mathematical parlance, an assemblage
(Menge, ensemble), every object which belongs to the class being called an element
of the assemblage.*

A rule of combination in an assemblage is any rule or agreement by which,
when any two elements (whether the same or different) are given, in a definite
order, some object (which may or may not itself belong to the assemblage t) is
uniquely determined.

If the first of the two given elements is denoted by @ and the second by b,
then the object which they determine is denoted by a 0 b—read: “a with 5.”

The notation x = y indicates that the two symbols x and y are used to repre-
sent the same object, while = 4= y indicates that the objects represented by x and
y are different.

In the proofs of theorems I and III illustrations are drawn from the ordinary
artificial systems of real and complex numbers. In the rest of the paper, how-
ever, only the natural system of ordinal numbers } is presupposed.

(1901), pp. 73-84; 2) Un nouveau systéme irréductible des postulats pour I'algdbre, presented
to the International Congress of Mathematicians, Paris, 1900, reviewed in the Bulletin
of the American Mathematical Society, 2d ser., vol. 7 (1900), p. 70. I have seen
only the reviews of these papers. The fundamental concepts involved are the idea of an
element successive to a given element, and the idea of an element symmetrical to a given ele-
ment.

* H. WEBER, Algebra, vol. 2 (1899), p. 4.

1 Compare postulate 1.

1 The system of ordinal numbers is an assemblage characterized by the following fundamental
properties, which PEANO (loc. cit.) has shown to be independent of one another :

1°) The assemblage contains a peculiar element, called the ‘first’’ ordinal number, and
denoted by 1. '

2°) Every element, m, of the assemblage determines uniquely an object m+, which itself be-
longs to the assemblage. This number m+ is called the number next following the number .
(The number 1+ is denoted by 2 ; 2+ by 3, etc.)

3°) Whatever the number m may be, the number next following m is never 1.

4°) If the numbers next following two numbers m and n are the same, then m and n are the
same.

5°) If S is any assemblage such that : (a) the number 1 belongs to S, and (5) the number
next following m belongs to S whenever the number m belongs to S; then S contains every
ordinal number.

From these fundamental propositions follows the validity of the common method of ‘‘ mathe-
" matical induction.’’ (See also 12.)
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If any law is given by which every ordinal number % (k=1,2,38,...)
determines a definite object (@,) the objects so determined are said to form
an “1infinite sequence,” in notation a,, a,, a,, ---, @,, @, ---. It should be
noticed, however, that a, and @ (p % ¢) do not necessarily represent different
objects, since, according to the given law, it may be that an object is repeated
many times in the sequence.

In the present paper we are concerned with the assemblages in which the rule
of combination satisfies certain fundamental conditions, expressed in the six

postulates of the following paragraph.

The postulates of magnitude.

1. Whatever elements a and b may be (a =105 or a#bd), aobd is also an
element of the assemblage.

2. aob + a.
3. (aob)oc=ao(boc), whenever a0b, boc, (aob)oc and ao(boc)
belong to the assemblage.

4. When a == b at leust one of the following conditions is satisfied : either
1°) there is an element x such that @ =bowx, or 2°) there is an element y
such that aoy =b.

5.% (Let the notation a <b indicate that an element y exists such that
aoy=">0; and let a=b indicate: a <bora=2>.)
If 8§ is any infinite sequence of elements (a,), such that

@<, @ <C (k=1,2,3,--)

(where c is some fixed element), then there is one and only one element A having
the following two properties :
1°) a,= A whenever a, belongs to S ;
2°) if y and A’ are such that yo A’ = A, then there is at least one
element of S, say a_, for which A’ <a,.

6. Whatever element a may be, there are two elements x and y such that
20y = a; that is, in the notation explained in 5, there is an element x such
that x < a.

Consistency of the postulates.

THEOREM 1.—The postulates 1-6 are consistent with each other.
To establish this theorem we have simply to exhibit some assemblage in which
all the postulates are satisfied. Such an assemblage is the system of positive

*This postulate 5 is essentially the same as the principle employed by WEIERSTRASS, in his
lectures, for the definition of an irrational number. But instead of saying, under 2°), ‘‘if
A’ < A,” that is: ““if a y exists such that 4’ oy=4,” I have inverted the order of the 4’ and
y. (Cf.24.)
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real numbers, when ¢0b is defined as ¢ +b. Another such assemblage is
the system of positive real numbers greater than 1, when e¢ob is defined as

axb. (Seealso 36.)

Development of the theory in preparation for the proof of theorem II.

Remarks. We notice that the two systems mentioned in the proof of theorem
I are equivalent (simply isomorphic); that is, the first can be put into one-to-one
correspondence with the second in such a way that when @ corresponds with a’
and b with b’ then @0 b will correspond with a’0d’. In theorem II we shall
show that every assemblage which satisfies the postulates 1-6 will be equivalent
with these. The propositions 7-35, which we proceed to deduce from the fun-
damental propositions 1-6, will prepare the way for the proof of theorem II.

Glreater and less. Fundamental inequalities.

7. Definition. If with respect to two elements @, b an element x exists
such that a =box, we shall write: @ >0 (a greater than b) and b <a
(b less than a).

8. Of the three relations a =b, a>b, a <b of any two elements a and b

1°) not more than one can be true, and 1,2,38)*
2°) at least one must be true. 4)
The proof for the first part is indirect.
9. If a>b and b>c then a>c.} 1,3)
10. e0b>a. 1)
11. Ifb> b’ then aob>ao0b'. ,38)

For, from b = b' o= it follows by 1 and 8 that c0bd = (e¢0d’) o .

Multiples.

12. Ordinal numbers. On the basis of the fundamental properties men-
tioned in the introduction, we state here briefly such other properties of ordinal
numbers as we shall have occasion to use.

a) Definition. The sum, p + ¢, of two numbers, p and ¢, is the number
defined by the following recurrent formulz :

pH+l=p; p+2=(p+1)+1; p+3=(p+2)+1; -
p+k+)=(p+k+1.

b) p+g=q+ p. (Proof by mathematical induction.)

* With every theorem will be indicated the fundamental propositions from which it is deduced.

+ From 8 and 9 we see that any assemblage which satisfies 1, 2, 3, 4 will possess Grissenchar-
akter in the sense defined by SCHONFLIES, Jahresbericht der deutschen Mathematiker-
Vereinigung, vol. 8 (1900), Bericht iiber die Mengenlehre, p. 15.

1 The most accessible proofs are in STOLZ and GMEINER, loc. cit., pp. 12-23.
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¢) Definition. The product, qp, of two numbers, p and ¢, is the number
defined by the following recurrent formulz :

Ip=p; p=1p+p; 8p=2+p; -3 k+Dp=1Ikp+p.

d) qp=pgq. (Proof by mathematical induction.)

e) If p & ¢, then there is either a number A such that p = ¢ 4+ A or else a
number p such that ¢ = p + w (and not both). In the first case p is said to
come later, in the second case earlier, than ¢ in the sequence of ordinal numbers.

138. Multiples.
a) Definition. The mth multiple, ma, of any element a (m being any ordi-
nal number) is the element defined by the following recurrent formulz:

la=a; 2a=1aca; 8a=2a0a; ---; (k+1)a=kaoa. (1)

All the multiples of any element ¢ clearly belong to the assemblage, by 1;
but it should be noticed that there is nothing in postulate 1 to prevent some or
all pf these multiples from being the same. (See 13f.)

b) paoga=(p+9)a. ,3)
The proof by induction with respect to ¢ involves 13q, 3, 12a.

¢) paoga=gaopa. (By 125 and 13b.) 1,3)
@) q(pa)=(¢gp)a- (1,3)
The proof by induction as to ¢ involves 13a, 12¢, 13b.

e) ¢(pa)=p(qa)=qpa=pqa. (By 12d and 13d.) 1,3)
J) pa= qa when and only when p = q. 1,2,38)

For, if p = ¢, then pa = qga, by identity. Conversely, if pa = ga, then
p = q; for, suppose p == ¢, then by 12¢ either p = ¢ + X or ¢ = p + p, whence,
by hypothesis and 138, either ga = gaoXa or pa = pao ua, relations each
impossible, by 2.

9) pa> qa when and only when p comes later than q. In particular,
pa=a. 1,2,38)

For, if p comes later than ¢, then by 12e and 133, pa = ga 0 Aa, whence, by
7, pa> qa. Conversely, if pa > ga, then p comes later than ¢; for suppose p
earlier than ¢, or else p = ¢, then by 12¢, 135, 13f we should have either
ga = pa o pa or else pu = ga, relations each impossible by 8, 1°).

k) (bopa)o(gqaoc)= (boga)o(paoc). (By 13cand 3.) 1,38)

Principle of Archimedes. Further inequalities.

14. Principle of Archimedes. W hatever elements a and b may be, there
is a multiple of a, say ma, such that ma >b. (t,2,38,4,5)
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The proof is indirect, as follows: Suppose the theorem to be false; then, by
8, na = b, or, by 10 and 9, na << 2b, for every multiple of a. Now by 13¢
the successive multiples of @ form an infinite sequence of elements each of which
is less than the succeeding one. From this fact and the supposition na < 2b
follows by 5 the existence of an element A having the following two properties:

1°) na = A for every }nultiple of a;

2°) if yo A’ = A there is at least one multiple of a, say n’a, such

that n'a> 4’.

From 1°) it follows that @ << A4, by 18g and 9; therefore there is by T an
element 4’ such that a0 A’ = A. Hence, by 2°), we have n'a > A’ for at
least one multiple of @. From this relation follows, by 11, aon’e> a0 4’,
that is, aon’a > A, whence, by 13¢c and 13a, (n' + 1)a> A. This last re-
sult, however, is in contradiction with 1°). Therefore the theorem must be true.

15. If a < b there are two successive multiples of a, say pa and (p +1)a,
such that
ra<b=(pol)a. 1,2,3,4,5)

For, there is one multiple of a, viz., 1¢, which is, by hypothesis, less than 5.
Hence, if it were true that (p + 1)a < b whenever pa < b, it would follow by
mathematical induction that ma << b for every multiple of @, a result impos-
sible by 14.

16. a0b>b. 1,2,8,4,5)

When @ = b the theorem is clearly true, by 10 and 9.

When ¢ < b we have, by 15, pa <b = (p + 1)a. From pa < b follows,
byll,e0pa <aob,or,byl3cand 18a(p + 1)a <aobd. Butdb =(p + 1)a;
hence, by 9,5 <<ao0b.

17. If a > o' then aob>a’0b. (By 7,1, 3,16, 11.) 1,2,8,4,5)

18. Ifa>a' and b>b' then a0b>a'0b'. 1,2,3,4,5)

(By 11, 17, 9.)

19. Let a0b=a'0b’; then from b =20’ follows a = a’, and from b> b’

Sollows a < «'. 1,2,38,4,5)
For the other suppositions (8) lead to contradictions with 17, 11 or 18.
20. If a > a' then ma > ma’. 1,2,38,4,5)

The proof by induction involves 18 and 13a.
21. If ma = ma’' then a = a’; if ma> ma’ then a > a’. 1,2,8,4,5)
For the other suppositions (8) lead to contradictions with 20.

The commutative law.
22. Commutative law.

aob=1boa. 1,2,38,4,5)
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It is clear that in any assemblage which satisfies 1-5, the postulate 6 must be
either true or false. By considering both cases, we shall prove the commutative
law from 1, 2, 3, 4, 5 without using 6.

Case I. Let postulate 6 be false; then the given assemblage contains a
minimum element Z, such that whatever element ¢ may be a = E. Then
every element of the assemblage is some multiple of E .

For, suppose there were an element ¢ not a multiple of Z; then, since
E <c, we have, by 15, pE <c<(p+1)E. Hence, by 7, pEoy=c and
coz=(p+1)E, whence (pEoy)oz=(p+1)E, or, by 3 and 13a,
pEo(yoz)=pEoE. But from this follows, by 19, oz = &, or, by 7,
y < E, which is impossible in this case.

Since every element is thus of the form mZ, the commutative law follows at
once from 13c.

Case I1.* Let postulate 6 be true ; then whatever element @ may be, there are
wo elements 2z and y such that x 0y = a. The proof for this case is indirect.

Suppose a0b < boa; then, by 7, (a0d)oy=1bdoa.

By 6 take y' 0y” = y, and x less than the least of the four elements y’, 3",
a,b. From x <y and x < 3" follows, by 18, x oz <<y’ 0y", that is,

zow<y.
Since * <@ and x < b, we can take p and ¢ by 15 such that

pr<a=(p+ =
and
e <b=(¢+ 1.

From the first parts of these inequalities, we have, by 18, progx <ao0bd,
whence, by 17, (progx)oy < (aobd)oy, that is:
A) (progr)oy <boa.

From the second parts of the same inequalities, reversing the order, we have,
by 18 and 13a, boa = (gxox)o( prox), or by 134

boa = (gxopx)o(xox),
whence by 11 and 9
B) boa < (gropx)oy.

These two results, A) and B), are, however, inconsistent, by 8; for by 13¢
PXO QL = qX O Px;
therefore the supposition from which they were deduced is false.

In a similar way we can show that the supposition @0 b > b oa is also false.
Hence by 8 the third possibility, viz., @0 b = b 0 @, must be true.

* Cf. HOLDER, loe. cit., p. 13.
Trans. Am. Math. Soc. 18
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23. (box)o(yoc)=(boy)o(xoc). 1,2,3,4,5)
The proof is the same as the proof of 13%, when 22 is used in place of 13c.
Limit of an increasing sequence.
24. If S is any infinite sequence of elements (a,), each of which is less
than the succeeding one, and also less than some fixed element c :
a.<a.,, a<c (k=1,2,3,---),

then there is one and only one element A having the following two properties :
1°) a, = A whenever a, belongs to S ;
2°) if A" < A there is at least one element of S, say a_, for which

A <a,.
The element A thus determined is called the limit of the infinite sequence S
and is denoted by lim (a,). 1,2,3,4,5)

Proof. Whenever A’ < A there is an element y such that yo4' = 4;
for by T there is an element y such that 4’0oy = 4, and by 22

A'oy=yod’.

Therefore by 5 there is at least one element A which has the properties 1°)
and 2°). Further two elements 4, B each with both these properties are the
same. For suppose B << A. Then by 2°) as to A there is an element of S
which is greater than B, while by 1°) as to B no element of S is greater than 5.

25. If lim (a,) = A and lim (b,) = B then lim (a,0b,)= Ao B.

1,2,3,4,5)

‘We consider here two cases, as under 22.

Case I. Let postulate 6 be false. Then there is a minimum element &
such that, whatever element ¢ may be, @ = E’; whence, as we saw in 22, Case I,
every element is some multiple of Z. In this case, by 13¢, there cannot be an
infinite number of elements less than a fixed element ¢ = m %', and hence the
conditions in the hypothesis cannot be fulfilled.

Case II. Let postulate 6 be true. Then whatever element @ may be, there
are two elements « and y such that toy = @. The first condition 1°) for the
truth of the theorem is in this case clearly satisfied; for by hypothesis and
24,1°) a, = A and b, = B; hence, by 18, ¢,0b, = Ao B for every index k.

To show that the second condition, 2°), is also satisfied, let C" be any element
<AoB. By T, Coy=AoB; by 6 take y’0y” =y and x less than
the least of the elements y', 4", 4, B; and by 7 and 22 take 4’ and B’ such
that A'ox= A4, B'ox=B. Hence (4’ 0x)o (B ox)=A40 B, that is, by
28, (4’0 B"Yo(xzox)=C"0o(y 0y"), while, by 18, xox <y'0oy”. Therefore
by 19, 4’0 B’ > (.

But by 7, A’ < A and B" < B; therefore by 24, 2°) there is an element
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a@,> A’ and an element 5, > B’. Let » be an index that comes later than s
and ¢; then by 9, @ > A’ and b > B’, whence, by 18, @ 05, > A" 0 B’.
Therefore, by 9, @ 05, > C’, and the theorem is established.
26. If lim (a,) = A then lim (ma,)=mA. (1,2,38,4,5)
The inductive proof involves 13a and 25.

Submultiples.

27. Lemma. Given a and m there is an element y such that my < a.
1,2,38,4,5,6)
If the theorem is true when m = n, we shall have, by T, nz02' = a, and
by 6 we can take y less than z and 2’. Then, by 20, ny < nz and, by 18,
ny oy <nzoz', whence, by 13a, (n + 1)y < a; that is, the theorem will be
true when m =n + 1. But it is clearly true when m =1, by 6 ; hence it will
be true for every value of m.

28. Given any element a and any ordinal number m there is one and only
one element x such that mx = a.

The element w thus determined is called the mih submultiple of a and is
denoted by a/m. Thus m(a/m) = a. 1,2,8,4,5,6)

The proof in outline is this: we construct an infinite sequence of elements
%, %,y X, ---, which has by 24 a limit x; we then prove that the sequence
ma, , mx,, mx,, --- has the limit @, whence it follows that x is the element
required in the theorem.

a) The first element of the sequence is found as follows:

Take y, by 27 so that my, < a, and then p, by 15 so that

p(myy) <a = (p, + 1) (my,);

hence, by 13¢ and 13a, m(p,y,) < a = m(p,y,) omy,.

Then for the first element of the sequence we take x, =p,y,, and by 7 we
have mx, 0e, = a.

b) When any element, as the kth, has been found, the next following element
—the (k 4 1)th—is obtained as follows :

We have
@) mx, 06, =a.
By 27 take y,,, so that
(@) (& + 1)my,,, <e,,
whence, by 138¢ and 16,
(3) MY < ¢ < @-

Then take p,,, by 15 so that p,., (my,,,) <a = (p,,, + 1)(my,,,), whence
by 13¢ and 13a

4) M( P Y1) < @ EM(Pyyy Ypp1) O MYy -
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For the (& + 1)th element we then take x,,, = p,,,¥,,,, and by T we have
6) MLy 0 €4yy = G-

¢) In the sequence thus determined we have from (4) and (5)

m(%,4,)0 €1y = m(2,y,) OMY, 5

hence by 8 and 11
(6) et =Yy -

From (6) and (8) we have, by 9, ¢,,, < ¢,, while from (1) and (5

mx,,, 06, =mx,0e =a.

Hence by 19 and 10

(M me, < mr,,, < a,
and by 21, 18¢ and 9
® T <%y, <.

Further, if ¢ is any element, there is an index » such that e, < c¢. For, if
c¢=e, for every index %, then ¢ =e¢,,,, or by 20, (6), (2), and (8)

+De=(k+ e, =+ 1)my,,, <e, <a

for every ordinal number %+ 1, which is impossible by 14.
From this it follows that if ¢’ << @ then there is an index » such that

9 a < me,.

For, let @’ oz=a by 7 and take ¢ <<z. Then by (1) a"oz=mzx oe,
whence, by 19, o’ < ma,_.

d) The theorem is now readily established ; for, from (8) it follows by 24
that the sequence «,, «,, x,, --- has a limit: lim (x,) = x; hence by 25
lim (max,) = mx. But from (7) and (9) we have by 24 lim (mux,) = a. There-
fore mx = a. That no other element, «’, can have this property follow at once
from 21. ‘

29. If p comes later than q in the sequence of ordinal numbers (12e), then
alp < alg. In particular, alp=a. 1,2,3,4,5,6)

For, suppose a/p = a/q; then, by 13¢g and 20, p(a/p) > q(a/p) = q(a/g),
whence, by 28, @ > a, which is impossible.

30. Whatever elements a and b may be, there is a submultiple of a, say
a/m, such that a/m < b. (By 8,20, 28,14.) 1,2,3,4,5,6)

Rational fractions.

31. Definition. Any multiple (13a) of any submultiple (28) (or any submul-
tiple of any multiple) of an element a, is called a rational fraction of a; in
notation pa/q. 1,2,3,4,5,6)
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This (ambiguous) notation is allowable, for by 13e and 28 we have
q[»(a/9)] = p[4(a/9)] = pa, whence, by 28,

p(elg) = (pa)lg-

32. The following theorems are deduced from 31 by the aid of 12,13, 21
and 28. 1,2,8,4,5,6)

a) mpajmq = palq. ‘

For, mg (mpa/mq) = mpa = mq( pa/g), by 18¢ and 28. Hence follows the
theorem, by 21.

b) pajgop’aly’ = (¢'p + 9p")a/gq’-

For, pa/g = ¢'p(a/qq’) and p’a/g’ = qp’(a/qq’), by a) and 12d. Hence fol-
lows the theorem, by 135. ’

¢) palg =p'alg’ when and only when ¢'p = qp’.

d) paiq> p'alq’ when and only when ¢'p comes later than qp’.

These two theorems follow by 13/and 13¢g from the equations given under b).

e) If palg <p'alq’ there is a rational fraction of a, say ma/n, such that
pajqomajn=p'alq’.

Since by d) ¢'p comes earlier than ¢p’, there is by 12¢ an ordinal number u
such that ¢'p + p=gp’, and if we take ma/n = pa/qq’, we shall satisfy the
theorem. For by a), 124 and 135

pojgomajn=q'p(ajgg’)on(eley) = (4'p + #)eley = qp'eleg’ = p'aq’.

33. Gliven ¢, and a < b, we can find mc/n such that a < mefn <b. .

1,2,3,4,5,6)

Let aoy=05,by 7. By 30 and 16 take c/n <y << b, and by 15 take m so
that m (¢/n) < b = (m + 1)(¢/n). Thena <mc/n. For,if a = mc/n, then, by
18, a0y > me/noc/n, or, by 18a, b > (m + 1)c¢/n, which is impossible.

34. Given mc/n < aob, we can find pc/g < a and p’cig’ <b such that
pelqgop'elq’ = meln. 1,2,8,4,5,6)

To fix our ideas, let @ = b.

If me/n = b, take c/g < a and < mc/n, by 30, and by 82e take p’c/q’ so
that ¢/qgop’c/qg’= mc/n. Then by 16 and 9, p’c/g’<<b.

If b <mc/n, we have, by T and 22, y 0 b = mc/n < @ 0 b, whence, by 17,
y <a. By 33 and 9 take pc/g so that y < pc/g < a =b < mc/n and by
82¢ take p’c/q’ so that pc/q o p'c/¢’= mc/n = y 0 b, whence, by 19, p'c/g’<<b.

Upper limit of an assemblage of rational fractions.

35. If U is any assemblage of rational fractions of a such that every ele-
ment of U is less than some fixed element c, then there is one and only one
element A having the following two properties :

1°) every element of Uis = A;
2°) if @' < A, there is at least one element of U which is > a'.
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The element A thus determined is called the upper limit of the assemblage
U, and is denoted by L (U). 1,2,8,4,5,6)

Proof:

Case I.—Suppose the assemblage U contains a maximum element ; then this
maximum element will clearly be the element A required in the theorem.

Case II.—Suppose on the other hand that U does not contain a maximum
element. Then when any element of U is given we can find another ele-
ment of U greater than the given one; whence it follows that U is an infinite
assemblage.

To establish the theorem in this case we make use of a device due to G. CaN-
TOR by which the assemblage of all the rational fractions of @ can be arranged
in an infinite sequence, 12, as follows:

1 2 3 4 5 6 7 8 9 10 1 12 13 14 15
'}a; .%a’%a; %‘a"gz‘a’-ﬁla; %a’%aa‘ga’%a; %aaga’%a7 %aa 75[“; tes

Taking this complete sequence 2 we first cast out every element which does
not belong to U; what is left is a sequence U’ containing all the elements of
U and no others. U’ will be an infinite sequence, since U is an infinite
assemblage, but its elements will not, in general, be arranged in order of
magnitude.

Out of the sequence U/’ we then select the elements «,, «,, ,, - - - as follows:
, is the first element of U’'; , is the first element beyond w, which is greater
than «; x, is the first element beyond x, which is greater than x,; and so on;
in general, x,,, is the first element of /" which is > 2,. (When any element
x, of this sequence is given, the next element, x,  , can surely be found, since
otherwise x, would be a maximum element, which contradicts the hypothesis.)

The elements «,, x,, x,, - - - thus determined form an infinite sequence, &, in
which every element is less than the succeeding one, while all (being elements of
U) are less than the fixed element ¢c. Hence by 24 the sequence S determines
a definite element 4 as its limit: lim (x,) = 4.

Now first, every element of U will be = 4. For, suppose pa/qg > A4 were
an element of U, and-hence occupied a place in the sequence UU’. Then either
pa/q would itself belong to S, or else some earlier element of U’, which is
= pa/q, would belong to §; in either case we should have an element of S
greater than A, which is impossible, by 24, 1°).

And secondly, if A'<C A4, there is an element of U which is > 4". For, by
24, 2°), there is an element of § which is > A’, and this element belongs also
to U.

Therefore the element A satisfies both the conditions in the theorem.

Further, no other element can satisfy both these conditions. (Proof as in the
latter part of 24.) Hence the theorem is true in all cases.
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Sufficiency of the postulates to define an assemblage.

THEOREM IL.—Any two assemblages M and M’ which satisfy the postu-
lates 1-6 are equivalent; that is, they can be brought into one-to-one corre-
spondence in such @ way that aob will correspond with a'0b’ whenever a
and b in M correspond with a’ and b' in M’ respectively.

First, take any element £ of M and any element £’ of M', to serve as
“unit elements.”

a) To every element a of M we can assign a definite element a' of M', as
follows:

Let U be the assemblage of all rational fractions of Z which are less than
a,* and let U’ be the assemblage comprising the same rational fractions of Z'.
(That is, p &’ /q is to belong to U when, and only when, p E/q belongs to U.)
Now by 9 every element of U is less than some fixed rational fraction m&/n
(where a < mE/[n). Therefore by 82d every element of U’ will be less than
mE’[n. Hence by 35 the assemblage U’ will have an upper limit, a’; this
element ¢’ we then assign to a. We have then L(U) =aand L(U')=d

b) Similarly to every element of M’ we assign a definite element of M.

¢) Further, if a' is the element assigned to a, then a will be the element
assigned to a'.

To prove this it is sufficient to show that every rational fraction of £’ which
is less than a’ belongs to U’. Thus, let p/Z'/q be any such fraction. Then
by 24, 2°), since L. (U’) = ', there is an element of U’, say NE’/u, for which
pE’lqg <NE'jp, whence, by 32d, pElqg < AEjn. But AE/u < a, since other-
wise AL /u could not belong to U’; hence, by 9, pE/qg < a, and therefore
pE’[q belongs to U’.  Thus a strictly one-to-one correspondence is established
between M and M.

d) To prove the second part of the theorem, let I, ¥ and W be the assemblages
comprising all the rational fractions £ which are less than a, band a 0 b respectively.

Then, if « belongs to U and y to V, 2 oy will belong to W, by 825 and
18. And if z belongs to W we can find an « of 7 and a y of V such that
xoy =z, by 34.

Thus the assemblage W is composed wholly of elements of the form x o y.

Similarly, if U', V' W' are the assemblages comprising all rational frac-
tions of £’ which are less than a’, ', @' 0b respectively, then W’ will be
composed wholly of elements of the form x'0y’, where «" and y’ belong re-
spectively to U and V.

Now by hypothesis U and U’ (and also V and V') comprise the same
rational fractions of % and £’ respectively. Hence, by 8320, W and W' will
also comprise the same rational fractions of % and £’ respectively; that is,
a’ 0b’ will correspond with a0b.

# Cf. DEDEKIND’s idea of a cut (Schnitt) in his Stetigkeit und irrationale Zahlen.
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86. From Theorems I and II we may say that the postulates 1-6 define
essentially a single assemblage. This assemblage we call the system of abso-
lute continuous magnitude, and the rule of combination addition.

For example, the two systems of artificial numbers mentioned in the proof of
Theorem I are systems of magnitude in the sense here defined.

Another example (if we admit the usual geometric axioms) is the system of
distances laid off along a line in one direction from a fixed point, @ 0 b being
defined as the combined length of ¢ and b, or, equally well, as the length of
the hypotenuse of the right triangle whose legs are @ and b.*

Independence of the postulates.

THEOREM II1.—The postulates 1-6 are independent; that is, no one of
them is a consequence of the other five.

The independence of any one of the postulates will be proved if we can find
any assemblage which satisfies all the other postulates, but not the one in ques-
tion.t We give below an assemblage of the required sort for each of the six
postulates, thus establishing the theorem.

M) Let M, be the assemblage of all positive real numbers less than 10:
0 <2< 10; and let 0 b be defined as a + b. Then M, satisfies all the other
postulates, but not 1.

Postulate 1 is clearly not satisfied, since, for example, 5 08 = 13 is not an
element of the assemblage. The other postulates all hold.

M,) Let M, be the assemblage of all real numbers, while aob=a+5.
Then M, satisfies all the other postulates, but not 2.

Postulate 2 does not hold, for c00 = a. Postulates 1, 3, 4 and 6 clearly
hold. In 5 notice that whatever elements ¢ and b may be there is always an
element y such that oy = b, so that by the definition of the symbol <, we
shall have a < b for all values of @ and 5. Hence S may be any infinite se-
quence of elements, and any element will answer for ¢; then 5 is satisfied, since
any element may be taken as 4.

M,) Let M, be the assemblage of all real numbers, while @0 is defined as
follows: when a 4 b,20b=(a + b)/2; when a=b,a0a=a+1.

Then MM, satisfies all the other postulates, but not 3.

The third postulate does not hold, since, for example, (206)010 =T,
while 20(6010) =5. Postulate 1 is clearly satisfied ; 2 also holds, since
(a0d)/2 4 a when a4 b. In 4 wecan take y=2b—a andin 6 we can
take £ = a — 1 = y; hence 4 and 6 are satisfied. In 5 notice that @ << b when-

* This last illustration is used by H. WEBER, loc. cit., vol. 1, p. 9.
t This method was employed by PEANO (loc. cit.) and by HILBERT in his Grundlagen der
Geometrie, Leipzig, 1899.
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ever a % b, since whenever a &= b there is an element y, viz., y = 2b — a, for
which aoy=05. Hence § may be any infinite sequence in which each ele-
ment is different from the one next following; and ¢ may be any element not
belonging to §. We can then take as A the element ¢, and 5 is satisfied.

M,) Let M, be the assemblage of all the couples of the form (a, B) where a
and B are positive real numbers ; and let the rule of combination be the following:

(ars B)o(ay, By) = (a, + a;, B+ B,).

Then M, satisfies all the other postulates, but not 4.

(The couples (a, B) may be represented as the points in the first quadrant
of the complex plane, excluding the axes.) To show that 4 does not hold, con-
sider, for example, a = (2, 5), b6 = (2, 4). Postulates 1, 2,3 and 6 clearly
hold. In 5 notice that when (a,, 8,) < (a,, 8,) then a; < a, and B, < B,, ac-
cording to the definition of the symbol <. Hence, under the conditions in 5,
the a’s of the couples which belong to S have an upper limit £, and the 8’s an
upper limit, n. If now we take 4 = (£, 5) we see that § is satisfied.

M,) Let M, be the assemblage of positive rational numbers, while
aob=a+b. Then M, satisfies all the other postulates, but not 5.

Postulate 5 is not satisfied ; for, consider any sequence of increasing rational
fractions used to define any irrational number, as +/2. All the other postulates
clearly hold.

M,) Let M, be the assemblage of positive integers, while aob=a + b.
Then M, satisfies all the other postulates, but not 6.

Postulate 6 clearly does not hold, since 2/, contains the minimum element 1.
Postulate 5 is satisfied; for no infinite sequence S which satisfies the condi-
tions stated can occur. All the other postulates clearly hold.

Two unsolved problems.

1. Suppose that in 5, 2°) the condition: “yo0 A" = A" be replaced by:
“A'oy=A.” Can 14 and 22 be deduced from the postulates in this form,
or must a new postulate like this: * « Given @ and b, there is an x such that
aob=>0o0x"—be added? In the latter case, how is the independence of
the new postulate to be proved ?

2. Suppose that in 5 the ¢ sequence S be replaced by: ¢« any assemblage of
elements all of which are << c.” Is postulate 4 then deducible or still inde-
pendent ?

HARVARD UNIVERSITY,
CAMBRIDGE, Mass.

* Of. HOLDER, loc. cit., p. 5, footnote, axiom [5].




